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Related rates problems are a source of difficulty for many calcuidsrds. There has been little
research on the role of the mental model when solving these problems. Thresfastes
calculus students participated in a teaching experiment focused on solviad ratas
problems. The results of this teaching experiment were analyzed usargeamork based on
five phases: draw a diagram, construct a functional relationship, relate thesodte for the
unknown rate, and check the answer for reasonability. A particularly inteyesgpect of the
relate the rates phase was the development of what the students calleeduatitans.” The
creation of the delta equation differs from a traditional approach to solvingdetdes problems
and may facilitate the students’ understanding of the solution process.
Background

Little research has been published on the solution process for related ratespriobl
first semester calculus. The research to date suggests that studentpriogeelaral approach to
solving related rates problems (Clark et al., 1997; Martin, 1996, 2000; White & Mitmteelm
1996). It has also been reported that students’ difficulties appear to stem from the
misconceptions about variable, function, and derivative — particularly the cha(Caulson,
1998; Clark et al., 1997; Engelke, 2004; White & Mitchelmore, 1996). The ability to engage in
transformational and covariational reasoning allows a problem solver to coastnental
model of the problem situation that may be manipulated to understand how the system works
(Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Saldanha & Thompson, 1998; Simon, 1996). The
ability to engage in transformational and covariational reasoning appearsrtbdaé for

success when solving related rates problems (Engelke, 2004). The purpose ofyvisasttal



determine whether computer simulations of related rates problem situasoer®d the
development of a mental model during the solution process and improved students’
understanding of related rates problems.
The Study

A teaching experiment consisting of six teaching episodes was condudieal gudup of
three students from a calculus class in the Fall 2005 semester. The three gAlgeXnn, and
Ben) in the teaching experiment were chosen from a group of volunteers. These sbhaetlents
with the researcher for six days outside of the regular class sessions, and tehddha
regular class sessions in which related rates were taught to thaedenwithe class. Each
teaching episode was videotaped and transcribed for analysis.

The data were analyzed using a framework developed from Carlson and Bloom’s (2005)
multidimensional problem solving framework and interviews with mathematigianrgelke,
2007a, 2007b). In observing the problem solving behaviors of the mathematicians, the nature of
solving a related rates problem appeared to hinge on three primary componenteadlftey
the problem, the problem solver appeared to construct a mental model of the probleomsituati
The term mental model is being used as described by Johnson-Laird (1983) as “propositiona
representations which are strings of symbols that correspond to natural languagemoeels
which are structural analogues of the world, and images which are the pdrceptlates of
models from a particular point of view.” (p. 165). This mental model appeared to be based on the
problem solver’s interpretation of the words in the problem statement and the connection of
those words to their mathematical content knowledge. The manifestation of tié acdivity
was drawing a diagram. For the mathematician’s, this diagram became¢hing that was

worked on and frequently referenced throughout the problem solving process. This led to a



differentiation between artifacts (things written down as part of theigolprocess) and
solution artifacts (things written down during the solution process which bexraadditional
resource for the problem solver). It appeared to be the case that aligransartifact was
generated; the problem solver revisited the mental model of the problem situatiametidnes
the original problem statement before continuing. This cycle is represariegire 1. From
these observations, the five phase framework was developed. The five phasesvae: dra
diagram, construct a functional relationship, relate the rates, solve forkihewmrate, and
check the answer for reasonability. Each phase can be described by the contitdentive
problem solver accesses, the mental model that is developed, and the solutids tdiface

generated. The framework is presented in Table 1.

Problem Statement

Content O Previous
Knowledge Co> Solution
Heuristics Artifacts

A\ 4
Solution Artifact

Figure 1 The solution process for related rates problems.



Table 1:

A Framework for the Solution Process for Related Rates Problems

Phase Draw a Diagram
Solution Diagram that accurately represents the problem situation
Artifacts Diagram that has been labeled with constants and variables
Other diagrams representing different perspectives of the protdeament
Mental Describe what one is imagining or picturing in one’s mind
Model Anticipate relationships that may exist
Attend to the nature of the changing quantities
0 Attend to the direction of the change in the variables
0 Attend to the amount of change in the variables
0 Attend to the average rate of change in the variables
Attend to continuous changes in the variables
Content Restate the problem or parts of the problem in one’s own words
Knowledge Geometry
and Related| o Ask or consider, “What is a ?”
Heuristics o Accurately interpret terminology
0 Ask or consider, “Which perspective of the geometric shape will provige
the most information?”
0 Ask or consider, “Do | need to draw more than one perspective of the
problem situation?”
0 One diagram may represent any of the possible states of the problem
situation
Variable
- Label constants and variables appropriately
Phase Construct Meaningful Functional Relationships
Solution Algebraic equation (s) to relate the variables in the diagram
Artifacts
Mental Imagine the problem situation changing
Model Identify useful relationships between variables
Modify the mental model to determine which variables need to be related
Content Understanding the nature of functional relationships
Knowledge 0 Relate the variables representing the known rate and the unknown rate
and Related| o Eliminate variables if possible
Heuristics 0 Use a diagram labeled with variables and constants to identifyoredhips
0 Understand the role of the independent variable and the dependent variable
in a functional relationship
o Understand what relationship between the independent and dependent
variables is determined by the phrase “in terms of”
0 Understand that function composition (or substitution) allows one to
construct a new function from two or more smaller functions, eliminating
one or more variables




Phase Relate the Rates

Solution - Differentiated algebraic equation

Artifacts - Chain rule equation

Mental - Notice which quantities are changing in relation to each other

Model

Content - Understanding the nature of rate of change

Knowledge o Understand what relationship between the independent and dependent
and Related variables is determined by the phrase “with respect to”

Heuristics o Interpret from the given rate that time is the independent variable in the

functional relationship

o Imagine each variable in the functional relationship as a function ef tim
o Differentiate the functional relationship “with respect to” time

- Perform differentiation operations on an implicitly defined function

Phase Solve for the Unknown Rate

Solution - Algebraic manipulations of the differentiated equation
Artifacts

Mental - Did not appear to use

Model

Content - Algebraic Knowledge

Knowledge 0 Substitute in known values for variables

and Related| o Apply algebraic operations to the equation to calculate the unknown rate
Heuristics

Phase Check the Answer for Reasonability
Solution - Notation of units

Artifacts - Other calculations

Metal - Ask “Is this answer reasonable?”
Model - Manipulate the mental model

0 Attend to the amount and direction of change in the variables
o Compare the answer to another known quantity such as the average rate of

change
Content - Measurement units
Knowledge | . Perform a unit analysis, i.e. check that the units work out or match up
and Related
Heuristics

Results
In the first teaching episode, the students interacted with a custom computanprog
which modeled related rates problem situations. The first problem presented tml#drgsstvas
to find the rate of change afin relation tov in the problem situation illustrated in Figure 2 ( a
screenshot of the computer program). The students were able to physicafiylata the

problem situation and to observe the results of those manipulations. This led the students to



generate time as a variable that would allow them to determine the aveeagkedt@ange for

each variable.

Related Rates  First Plane Problem ‘:”E‘El
Activities  About

Figure 2: Computer simulation of the plane problem.

The rates of change in this problem situation could be thought of as a ratio of ratelstzad r
this to the multiplication of the rates. The students looked at problems requiring thietiis
chain rule to relate given rates in the second teaching episode. At the end aSibis, ke
students were identifying what they later called “a middle man,” a vatilatdagh which they
could relate two other variables.
In the third through sixth teaching episodes, the students solved related ratasgroble
The problems presented to the students in the third and fourth teaching episodes had most of the
numeric data stripped from them in attempt to focus the students’ attention oratioeships
that existed between the variables. In the fifth and sixth teaching epidwelpspblems were

stated in a traditional textbook manner.



During the third teaching episode, the students were given the following reltdsd r
problem:
A plane flying horizontally at an altitude of 3 miles and a speed of 600 mi/hr passes
directly over a radar station. Let the distance from the plane to thestatlan be
represented by z. What is the rate of change of the distance from the planatathe r
station with respect to time?
This version of the plane problem differs from what is traditionally seenextladok in that
most of its numeric data has been removed. It was hoped that this would encouragenktse stude
to focus on constructing the necessary functional relationships before attgtopgubstitute in
values. The students had previously modeled a plane problem with the computer program in the
first teaching episode.
The diagram the students drew on their paper was the only indication of what their
mental image was. Ali and Ben questioned where they should put their radar staglation to
the plane and looked to Ann for guidance. The students’ also appeared to have a heuristic that
caused them to label their diagram. They labeled the constants in their diagrams and the
assigned letters to any quantities that were unknown. They did not talk about antyeguant
changing. This suggests that they held a static mental image of the psatilaton. They did
not appear to be imagining the quantities changing nor did they provide any evidéticeytha
were engaging in covariational reasoning to explore and understand the probétionsilt
would appear that the students’ understanding of how to label a diagram involved gssniyin
one letter to each unknown. Thus, the diagrams that the students drew to represent the proble

situation appear to provide only superficial information.



After drawing and labeling their diagrams, the students quickly moved into theuobnst
functional relationships phase of the problem solving process. A particulangsting aspect of
this phase was that the students expressed each variable as an explicit futicienwhile
this approach may be successfully employed to solve any related rates proldemt what is

suggested by most textbooks.

The students were then able to write a single function of tirft¢= /(60Q)* +3? ) for

the problem situation and move to the relatingréttes phase of the problem solving process.

During the relate the rates phase, the student&lguvrote down% = % X% What they

would later call the “delta equation.” At first,efstudents were not sure how the delta equation
was related to the function they had written doWiith some help in the form of leading
guestions from the researcher, they were ablgtodiout what each piece meant. Once they

understood what the delta equation representedididents had no difficulty differentiating

600°t
(0+(60at)? )

function to have time as an explicit independemiaide. Finally, they realized they had to

their function with respect to tim% = ) because they had constructed their

determine what value to substitute in foAfter completing the problem, the researcher gada
the students in a discussion about out how thisoaah is related to differentiating the function

implicitly (as textbooks suggest). This was begurmiawing their attention to how we could

have written the function asz(t) = \/(x(t))2 +(d(t))’ . In solving subsequent problems, the

students used the implicit approach when relatiegates.
The students were given the trough problem duhegaurth teaching episode. It was

stated as follows:



A trough is 10 ft long and its ends have the staipsosceles triangles that are 3 ft across
at the top and have a height of 1 ft. Assume tiatriough fills at a constant rate. Néet
represent the volume of the troudpirepresent the height of the water in the trougl, a
b represent the length of the base of the watdrartrough. What is the rate of change of
the height of the wateh, in the trough with respect to time?
This version of the trough problem has been stdppfeall data except the dimensions of the
trough. Again, the purpose of removing the numeéaita was to encourage students to focus on
building general relationships before substitutimgalues.
The students read the problem and immediately exthagthe phase of draw a diagram.
In Table 2, a summary of how the transcript wadyaea using the framework is presented. The

session begins with:

1. NE: So what are you guys doing in your first sieps
2. Ann: Drawing a picture and labeling stuff.

3. NE: And labeling stuff?

4, Ann: Yeah

5. Ali:  I'm getting an equation for the volume, aneah
6.

Ben: Oh, you've gone three dimensional.
There are a few interesting things to note in irst five lines of the transcript. Ann and Ben
immediately begin by drawing diagrams. Ali drewiagiam, jumped to finding an equation for

the volume of the trough, and computed the voluftbetrough.

Table 2:

Summary Table for Draw a Diagram - Trough Problem
Phase
Draw a diagram (lines 1-148)

Solution Labeled diagram
Artifacts




Content Geometry
Knowledge | - Know what an isosceles triangle is.
Volume of triangular prism.

Variable
Label everything that is unknown with a variable.

o Each student labeled the height, width, and length.

0 Ann labeled the height of the water witik X. (lines 51, 53, 55)

0 Ann believes that h represents two things, thetieaifithe water and the
height of the trough. (line 76)

0 The researcher clarifies the problem statementthepresents the height of
the wateiin the trough. (line 81)

0 The students label the height of the trough witl wariable which is equal
to 1, but the height of the water in the troughhwit

Function

- Ali wrote down a formula for the volume of the tghu (line 5) She also computed
the total volume that the trough can hold. (lin¢ 26n and Ben followed her lead
and computed it for themselves. (lines 26-41) Wésted how that will help them,
they did not have an answer.

Derivative
Ann identified that she is looking for dehaover delta. (line 20)
Mental - Beninitially drew a 2-dimensional triangle, buttiiced “oh you've gone three
Model dimensional” when he looked at Ann’s and Ali's diagps. (line 6) Then, he changed

his diagram to look like Ann’s. However, the resiar suggested that they conside
just the cross-section in line 95.

-

Dh
Ann identified that she wanted to fin%T. (line 20)

When prompted to identify which quantities are aiag, the students quickly
identified, volume, height, and time. Ali then segtgd the width. (lines 62-75)
Heuristics - Label everything that is unknown with a variable.

Check your work against your neighbors’.

From the summary of the students’ mental actividiesng the draw a diagram step, we
can see that Ann and Ali drew 3-dimensional figude Ben initially drew only the 2-
dimesional cross-section. It would appear that And Ali created a mental model of the trough
which was then drawn on their paper. It is posditiég Ben imagined the whole trough and
chose to draw only the cross-section, or that Bdi@gram may have been based on key words
in the problem statement, specifically isoscelisgie. However, Ben did not make any
statements to suggest that he had considered tbie wbugh. Since Ben modified his diagram

to match what Ann and Ali had drawn, it would semre likely that his diagram was based on



key words in the problem statement. Each studéedéa the dimensions of the trough with the
appropriate numeric value. The students accessauctimtent knowledge of geometry to write
down the formula for the volume of the trough andchputed the maximum volume of the
trough. However, they could not elaborate on haosy tihnought that this would help them. As
they proceeded to label their diagrams with vagapRAnn appeared to have the same difficulty
she had in the plane problem. She could ndt tepresent the height of the water in the trough
and the height of the trough. Thus, she labeledhéight of the water with- x, wherex
represented the difference between the heighteoiviiter and the top of the trough.

As the students proceeded, they engaged in the gi@snstruct a functional
relationship which is summarized in Table 3.

Table 3:

Summary Table for Construct a Functional RelatiopshiTrough Problem
Phase
Construct a functional relationship (lines 149-247)

Solution Ann: V =15h (line 151)
Artifacts Ali: V =5wh (line 164)

V =15h*
Content Function
Knowledge | -  Ann substituted in 3 and 10 for their variablesén first attempt to write an equation.

(lines 149-155)
Ali did not agree with Ann’s equation. She appdarsecognize that there are two
changing quantities that need to be accountedhfber equation. (lines 156-170)
Ann has the issue with the width that she had thi¢hheight. She thinks they should
be assigned two different variables. (line 175)
Ali suggested similar triangles, and thinks sheutthoelate the volume of the whole
trough to the volume of the water. (lines 187-190)
Ben notes that we have not brought time in and estgdoringing time in: “I think
you put time into an equation because you canttrjueke things up.” (lines 194-201)
The researcher suggested going with Ali’s idearafetred them to how similar
triangles were used in the max/min problems thelydane previously. They were
also prompted to discuss which variables they thigly want to eliminate. (lines
207, 209)
Ben noted that with length and height, it wouldregbere should be a way to
eliminatew. As a result of some prompting, he further staled we do not want to
eliminateh because we are trying to find the change in heigfit respect to time.
(lines 210-221)
The students used composition to eliminate w frbeirtvolume equation. (lines 226
247)

0 Ben questioned, “well that would be right becalmmtwhen it got to the




maximum the width would be three.” (line 238, 240)

0 After setting up her ratio, Ann stated, “then yoass multiply and you get
equals .” (line 230)

0 Ann used substitution and stated, “so now the vel@auation’s like all in
complete terms dfi not that that’'s anything but it is.” (line 243)

Geometry
- Rectangular prism
0 The students know what the volume of a rectanguiam is.

Ali asked, “could we find the the angle using thieole trough the angle of this so w
can use a different equation to like so we can fingdith height in the other value?”
This did not lead to any discussion. (line 224)
Ann suggested, “you could have um 3 owegquals one ovdr for the equation of
the ratios.” (line 226)

o)

Mental - Ali again identified that the width of the water svehanging, but now has a contex{ to
Model discuss why it is important. (line 159)
Heuristics - Ali appears to have some heuristic that causesotedivays think about angles (line

224). She also brought up angles in the plane pnobl
Compare your work to your neighbors’.

The students spent the majority of their time fos problem determining an appropriate
functional relationship. Ann substituted 3 and i@ iher volume formula with which Al
disagreed. Ali again stated that the width of tlaewis a changing quantity, so one cannot
substitute in that value. She had noted that tlkhaof the water was changing earlier, but did
not have a context in which to discuss why it wapartant. Relating her mental model of the
problem situation to the algebraic representativedAli the context to discuss why the width of
the water was an important changing quantity. Studdcnow identify that the width of the water
was part of the algebraic representation of thamel of the trough which could not be replaced
by a numeric value because it was not constansugjgested using similar triangles to relate the
volume of the whole trough to the volume of theavam the trough. Thus, Ali accessed another
part of her content knowledge of geometry. Usimgilsir triangles may be a heuristic Ali
developed as a result of solving max/min problearfez in the semester. However, it is not
clear if she understands how they are useful arehvitiey are appropriate because she later

suggests that they will allow her to determine aagBen thought that time had to be brought



into the function which may be the result of how filane problem was solved in the previous
session. Recall that the students were able t@ $bl/plane problem by explicitly expressing
each function in terms of time. The idea that dadigtion must be explicitly represented in
terms of the independent and dependent variabtggests that the students’ understanding of
the concept of function is still developing. Theymbt appear to be able to think about each

variable as a function of time unless they haveessed it the fornf (t).

The researcher encouraged the students to pursaesidilar triangle approach and
referred them to the max/min problems they sohaatiex in the semester. It was noted that in
solving extreme value problems, extra variablesvirrquently eliminated. This prompted them
to think about which variables should be eliminaten concluded that should be eliminated
because we were interested in the rate of chantfedfeight with respect to time. Ann used
similar triangles to set up a proportional relasioip and determined that = 3h. Thus, the
students used composition to express the volurntigeoivater in the trough in terms of height.
However, it was not clear to them that this woutduiseful.

After they had successfully related the variabtethe problem with an algebraic

representation of the functions, the students naetl with the phase of relate the rates.

Table 4:
Summary Table for Relate the Rates - Trough Problem
Phase

Relate the rates (lines 248 -315)
Solution DV
Artifacts e
y = ﬂ xD_h , y =30h , Q = l
Dt Dh Dt Dh Dt 3Ch




Content Derivative
Knowledge - Rate of change

Dh
0 The students knew they wanted to fiHSIt— but were unsure of how to go

v

about it. The researcher reminded them of how Heae used the chain rule
before. (lines 248-268)

o Ann noted that she had =15h? which she took the derivative of to get
DV
that o =30h. (lines 271, 273)

0 Ann proceeded to explain to Ben, “if the rate ataltt fills is constant then
the rate of change of the volume with respectrtee tivould also be
constant.” (line 277)

o Ali struggled to understand this, and the researdlseussed it with her
again. (lines 282 -315)

Mental - The students appear to focus on the formula theyjust created.
Model
Heuristics - Check your answer against your neighbors’.

After being reminded about the chain rule, Ann &apthe chain rule and wrote

bh = Dh X% , a relationship that relates the rates. She dgekly noted that since she knew

Dt DV
volume in terms of height, she could use the daxgdo find that % =30h, and explained
her reasoning to Ben. Ben agreed that what sheldrael was correct. They continued by
o1 Dh . . .
substltutlngs— for — in their delta equations. Thus, Ann and Ben cotegi¢he phase of
Ch DV

relate the rates.

Relating the rates was patrticularly difficult foli AShe was proficient with computing
derivatives. However, she struggled to understaactcbnnection between the sym o and

the terminology of “the rate of change of the voiuwith respect to height.” These did not
appear to fit with her understanding of derivatiteseemed that Ali would have preferred if the
eqguations could have been expressed explicitlgrims of time. A problem from the second

teaching session in which the multiplicative natoiréhe chain rule was discussed was revisited



to allow her to identify how it is not necessarybwable to explicitly express the functions in
terms of time.

Thus, the students had created a general algek@esentation for the relationship
between the rates in the trough problem as statezlresearcher then provided them with
numeric values for some of the unknown quantitiegivthey successfully substituted into their
equation.

After the students had completed the problem, thene asked how the problem would
have been different if they had been asked totfiedrate of change of the width of the water
with respect to time. Without hesitation, theyalswered that they would have solvedifor
instead ofw in the proportional relationship that they hadiried.

At the end of this session, the students were as&edthey would tell someone else how
to solve a problem like this. Ann summarized thabpem solving process as: draw a picture,
label everything, find a formula for the volumeanghate variables if you can, and draw yourself
a delta equation. Ann further explained the deifiza¢ion:

1. Ann: They show you the composition of what, whatr'ye trying to find is, like it
shows you the steps of what you're actually tryimdnd

2. NE: Ok

3. Ann: Like deltah over deltat is deltah over deltav times deltar over deltat, and
those are like the steps you have to get to, aadhimgs you have to figure
out before you, so you can find out what the rétehange is

This suggests that Ann uses the chain rule toerdhet rates in an equation which then guides her
solution process.

The students were asked to write up the solutighisoproblem as homework. Ben did
not turn it in as he did not complete the studydmelythis point. Ali and Ann turned in their

solutions which are presented in Figures 3 and 4.
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Figurje 3: Ann’s solution to the troﬁgﬁ problem.
Notice that Ann’s solution begins with a diagrang et a better understanding of what

the problem was asking me.” She drew the 3-dimeasiwough, labeled with constants and the

2-dimensional cross-section labeled with variabldé® next piece of the solution is the “delta

equation” with the known and unknowns identifiedesabeled% as what she wants to find

and — as a known quantity. The solution then focuseddentifying the volume in terms of
1

height and its derivative. She noted, “in term& because | am looking for—h _Vf(h)

because it is the reciprocal of the derivative.&Tinst part of her statement suggests that her



concept of rate may now include some sort of retestip between the independent and

dependent variables. However, the second becad®ates that the relationship is not fully

developed.
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Figure 4: Ali’'s solution to the trough problem.
Ali’s solution is not as clear as Ann’s. It seemattAli is just trying to remember the

steps in a procedural manner to obtain a numelitisn. Ali attempted to recall the numeric
values that were used to illustrate how a numerat®n might be found. She incorrectly

recalled thatD— = 05(0.5 had actually been given as the height of tagenin the trough).

Thus, she solved for the height. This suggestsstiathad not yet recognized the basic pattern of



the problems, solve for the unknown rate. In catfr&nn stopped when she had successfully
answered the question as stated in the origindll@no.

Another interesting difference between Ann andsAdiblutions is the voice they chose to
use. Ann wrote in the first person, “I did...” andKihow...” This suggests that Ann is taking
ownership of the solution and the mathematicswhtite in the second person, “You do...” This
suggests that Ali is not taking ownership of thiigon nor the mathematics. Rather, it is merely
a procedure that must be carried out. Another egpian for Ali’'s choice to use the commands
could be her “inner teacher.”

Conclusions

For the students in this study, their conceptuakWkedge appears to be
compartmentalized. They could recall geometric fdas, but they could not relate them to their
function knowledge to determine that they needay, wlume as a function of height. This
suggests that their knowledge of geometry is setgddnom their knowledge of functions. This
calls for an increased effort on the part of edorsato ensure that students build connections
between concepts. Students should also be encalt@genstruct mental models rather just
mental images. The use of the computer progranst@iize related rates problem situations
appears to have fostered a slightly better aldititgngage in covariational reasoning. While the
students did not usually address the nature afltheging quantities of their own accord, they
were readily able to answer most questions theareker asked about them. In Table 3, Ali's
mental model developed so as to incorporate whwitti#h of the water as a changing quantity
was important and related to the equation for valum

One of the most interesting results was the emergehthe “write a delta equation” as a

step in the students’ solution process. Knowingctein rule and using it to construct a “delta



equation” may be a natural way to understand whhappening in a related rates problem. This
step appeared to help the students identify thevkimate, the unknown rate, and the appropriate
functional relationship between the variables. sdjeeven Adam, the mathematician who had
not taught calculus for the longest time, usedealtédequation” to relate the rates. Adam used
basic principles of calculus to solve these prolslerde knew the chain rule and wrote out an
equation that related the rates he had. Then,grgifd either a numeric value or a function for
each rate and made the appropriate substitutidearl@ the chain rule equation approach
appears to be a useful tool for the related ratelsi@m solver.

Another particularly interesting finding of the dfuwas the role of time as a variable.
While the mathematicians could image each variabla function of time and operate on
functional relationships without expressing thenexgglicit functions of time, the students could

not. For example, the mathematicians expressefiitietional relationship in the plane problem

2 In

with a® +b? = c?, but they were actually thinking about it [at)|* +[b(t)]* = [c(t)]
contrast, the students needed to see time expliepiresented as a variable. The computer
program appeared to foster the students’ recognitidime as a variable in the problem.
However, in the plane problem, they wanted to esgpeach variable as an explicit function of
time and capitalize on their knowledge of distaegeals rate times time. The students solved
the problem using this approach and then the relsearelated it to the traditional implicit
differentiation with respect to time approach. Tegsearcher did not encourage the students to
pursue this approach after the first problem. Wadeh problem may be solved by representing
the functions as explicit functions of time, thgeddra can get very involved and lead to errors.

On the other hand, it could be an even more naymaloach to solving related rates problems

and needs to be studied in future research.
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