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In this pgper we report on an investigation into elements of pedagogical content
knowledge (PCK) and mathematical knowledgefor teaching (MKT) needed by a mathematician
in hisfirst use of an inquiry-oriented curriculumfor an undergraduae course in differential
equaions Our research is driven by two primary objectives. Firg, littleis known aboutthe
teaching practices of college mathematics ingructors, and even less aboutthose attempting to
changethdr ingructiond practices. Since the PCK and MKT developed by teachers may be
paticular to the practices and curricula with which the teachers are mos experienced, research
of this sort is needed to learn aboutthe chdlenges faced by ingructors adoping new teaching
practices. Second, studies of K-12 teachers have highlighted theimportance of PCK and MKT in
undestanding teachersOpractices, but these studies may be proneto limitationsdueto teachersO
limited content knowledge Since the content knowledgeof mathematiciansistypically strong,
studies of ther teaching practices may offer clearer accessto therole of other types of
knowledgein teachersOpractices.

Expanding on ouwr earlier andysis of the chdlenges faced by a mathematician while
teaching an inquiry-oriented differential equaionscourse for thefirst time (Wagne, Speer &
Rossa, 2007) we focushere ontheroles of PCK and MKT in suppoting teachers as they lead
large-groupdiscussions In particular, we examine how a mathematician whose primary
oppotunities to develop PCK and MKT have taken place in more traditiond, lecture-oriented
classrooms, may be unde-prepared to motivate and direct mathematically produdive discussons

in astudent-centered class. We arguetha PCK isnecessary for an indructor to anticipae



studentsCthinking and studentsOconceptud difficulties so as to address them as they
spontneoudy arise, and that types of MKT may be needed to undestand studentsCdevel oping
ideas and direct them in mathematically useful ways. Limitationsin these types of knowledge
may curtail theingtructor@ ability to direct class discussionsin mathematically profitable ways.
Motivation for Research
Thefod of our research in this area are centered on examining thefollowing questions
¥ Wha do teachers find chdlenging aboutusng inquiry-oriented approaches to ingruction?
¥ Why are certain aspects of thiskind of teaching difficult for some teachers?
¥ Which specific cognitive resources (kindsof knowedge bdiefs, etc.) are needed toteach in
these ways?
Progressin answvering these questionswill leave researchers better-equipped to answver oneother,
extremely important, question: How can we hdp teachers devel op the resources and practices
they need to teach in these ways?

Theresearch base tha has emerged from studies of teachersOefforts to changethdr
teaching practices has hdped the eduction community identify some key factors tha shape
teachersOingructiond practices as well as ther successin effectively implementing elements of
ingructiond reform such as collaborative groupwork and inqury-oriented activities. Much is
known aboutteachers, thar practices, and the chdlenges they face in implementing reform. We
contend, however, tha theresearch onroles of variouskindsof knowledgein teaching could
bendfit frominvestigaionsconduded with teachers whose command of mathematical contentis
extremely strong.In studies of mathematicians thepossibility that thar chdlengesin
implementing ingructiond reform stem from weak content knowledgeis small and, as aresult,

such studies have the potential to provide a clearer picture of theroles of PCK and MKT.



Our investigation of these questionsbegan with a gudy of amathematician, Prof. Gage,
who was teaching an undergraduae differential equaionscourse usng a curriculum informed by
research on student learning. This Onquiry-orientedOcurriculum emphasized small group
problem solving and whole-class discussions. Althoughthe mathematician had taught
differential equdionsin the past, thiswas his first experience with areform-based curriculum. In
theinitia study (Wagne et al., 2007) we andyzed wha hefoundmog chdlenging, why these
aspects of teaching were chdlenging for him, and which cognitive resources he used or needed
to inform hisingructiond decisons Below we briefly describethefindingsfrom that initial
study. We then present our current investigation in which we narrow our focusand andyze
specific chdlenges he experienced in orchestrating whole-class discussions
Findings From Initial Study and Focus of Current Study

In addition to articulating variouschdlenges throughoutthe semester, Prof. Gage
described thefour hefelt were mog significant in awritten reflection he produced at the end of
the semester. Prof. Gage peceived the mod chdlenging aspects of teaching this new course to
beidentifying wha students were learning at particular times, determining how much students
were learning, deciding how theidess should be organized and distributed across the semester®
classes, and orchestrating classroomdiscussions Further andysis suggested that major factors
contributing to these chdlengesinduded PCK tha he had not needed when teaching other
versionsof this course and elements of MKT tha would have enabled him to undestand and
follow studentsOmathematical idess as they surfaced during classroomdiscussions

For the current study, we zoomin onthechdlenges Prof. Gagefaced in orchestrating
discussions. We examine specific indances of such chdlenges as they occurred in class and the

factors tha madethis aspect of teaching the course so difficult for him. We focuson whole-



discussions because of ther central role in reform-oriented teaching, and because problems with
orchestrating discussionsfigured prominently in the pod-class interviews with Prof. Gage
Research on Teachers’ Knowledge and Practices

We take a cognitive approach to our andysisN an approach shared by other researchers
who examine teachersOknowledge and theroles knowledgeplays in shaping teaching practices
(e.g., Borko & Putnam, 1996;Schoenfeld, 2000;Sherin, 2002. In such an approach, knowedge
is seen as oneof several factors influending teachersOgods and the approaches teachers take to
accomplish those gods as they plan for, reflect on, and enact ingruction. While it is undoubedly
the case tha teachers need knowledge of mathematics content, researchers have foundit
chalenging to establish relationships between measures of teachersOcontent knowledgeand
student achievement (Ball, Lubienski, & Mewbom, 2001;Wilson, Foden, & Ferrini-Mundy,
2002) These and other findingsaboutresources teachers use have directed researchersCettention
to other kindsof knowledge Of paticular note are theinfluences researchers have foundof
pedagogical content knowledge and mathematical knowledge for teaching.

PCK isthelabd used to describe wha teachers know about (amongother thingg which
mathematical topics typically cause students difficulty, how different mathematical ideastie
togeher and are organized in curricula, and how particular examples or explanaionscan be
useful in teaching particular mathematical concepts. Since theidentification of thistype of
knowledge (Shulman, 1986) researchers have found that PCK plays important roles in teachersO
practices and thelearning oppatunities such practices create for students. For example,
researchers have shown tha teachersGknowledgeof the different strategies that thar students
would use to approach problemsis postively correated with student achievement (Fennema et

a., 1996. In addition, findingsindicate tha teachers who paticipaed in programs designed to



enrich thar PCK of studentsCthinking tended to modify their practices to indudelistening and
attending more closaly to studentsOmathematical reasoning and to adoptother practices
assodated with education reform (Fennama, Franke, Carpenter, & Carey, 1993)

In additionto having PCK at one disposal, teachers engagein atype of mathematical
work to follow and undestand the ideas and solution strategies that students generate.
Researchers have described and examined the knowledgeneeded to do thiswork and the
conneetion of this mathematical knowedgefor teaching to student achievement (Ball & Bass,
2000;Hill, Rowan, & Ball, 2005;Hill, Schilling, & Ball, 2004) MKT is aresource that teachers
draw uponto accomplish a variety of teaching-related tasks such as following studentsO
mathematical thinking, evaluaing thevalidity of sudent-generated strategies, and making sense
of arangeof student-generated solution paths

Althoughmany factors come togeher to shapeteachersOingrudtiond practices, we focus
ourandysison PCK and MKT for two reasons First, when describing chadlenges hefaced, Prof.
Gage often explicitly mentioned his unfamiliarity with elements of PCK and expressed
frudrationsstemming from limitationsthat we will argueare related to his MKT. In addition,
mog studies of PCK and MKT haveinvolved K-12 teachers and, as described earlier, those
teachersOknowledgeof mathematics content can be weak. Focusing on the PCK- and MK T-
related issues tha limit amathematician@ingructiond practices may be a produdive direction
for research when the objective is to disentangle and refine wha is known aboutvarioustypes of
knowledgetha shgpeteaching practices.

Setting, Research Design, and Methods
Thegod of thisandysis was to undestand thereasonsfor some of the chdlenges Prof.

Gagefaced while orchestrating large-group discussions To accomplish this god, theresearch



designinduded daa on Prof. Gage@in-class ingrudtiond practices and interviews tied to those
specific practices. Below we describe the research setting and how the data were collected, the
approach we took to selecting daa for the particular andysesin this pgoer, and the methodsused
to condud the andyses tha revealed thefactors that shgped his teaching practices.
The Sdting

Data collection occurred at a private university in the Midwest. The university enrolls
approximately 7,000 students, of whomapproximately 4,000are undegraduaes. Prof. Gagewas
teaching an undegradude course in Differential Equaionsudng the Inquiry-Oriented
Differentia Equaions(1O-DE) materias developed by Rasmussen (2002) Prof. Gagehad 17
years of university teaching experience at thetime and had taughtDEs in thepast usnga
traditiond text and more traditiond ingructiond methods Of the 19 students in the class, mos
were pursuing majors or minors in mathematics and/or biology, chemistry or physcs.

ThelO-DE curriculum conssts of student and ingructor materials developed from
research on student learning and indudesevera series of problems, activities, and accompanying
Java applets designed to guide students throughdiscovery of the core conaepts of a dynamical
systems approach to DEs. Students are expected to work collaboratively on problems and to
participae in whole-class discussion throughwhich they acquire graphical, numerical and
andytic techniques for andyzing, interpreting and solving DEs. Problems and activities were
designed to chdlengeand encourage ways of thinking aboutthe mathematics and to lead
students to discover important ideas. While thetop-level content areas of atraditiond coursein
DEs are readily visible in the course materials, the particular GpahOthroughwhich students

encountr them differs from mog traditiond texts.



Data Collection Methods

During the semester, almogt all meetingsof Prof. Gage@ class were videotaped. After
amog all of these classes, interviews were conduded with Prof. Gage by oneof the authors.
During these interviews, Prof. Gage discussed his perceptionsof how the class went as well as
thechdlenges hefaced. He typically and spontaneoudy focused his comments on the aspects of
the class with which hewas least satisfied and which were sources of themog frudration. At
times, Prof. Gagerequested feedback and/or advice, and sometimes the discussionsinduded
collaborative planning for thenext class. In contrast with other kindsof interviews (e.g., clinical
interviews) for which the objective is to refrain from influendang theinterviewee, these
discussions likely shaped some of Prof. Gage@ decisionsabout his teaching. Thediscussions
during which Prof. Gage soughtassistance, rather than being problematic for andysis, became
rich sources of daa onthe kindsof knowledgehelacked.

After thecourse was over, Prof. Gagewrote a short essay aboutwha heconsdered to be
thebiggest chdlenges hefaced in teaching the course. In addition, he provided a written
description of his prior experiences of planning and teaching differential equaions
Data Selection Methods

Themethodsused for gathering daa generated a tremendousquantity of video and audio
recordings(approximately 30 hours of classroomvideo and 18 hou's of recorded interviews). In
the prior study, we used Prof. Gage® pog-semester essay abouthis chadlenges as a means of
narrowing thefocusof theandysis. For the current study, we concentrate specifically onthe
chdlenges hefaced while orchestrating large-group discussions

Since dl classdaysinduded large-groupdiscussions we needed a strategy for selecting

the days we would subject to andysis. We cho to focusour andysis on classes tha were



especialy chdlenging (from theingructor@ and/or the researchersOperspectives). In paticular,
we andyzed classsoomdaaif (a) during interviews Prof. Gage expressed high levels of
frugration and/or described theclass as especially chdlenging, or (b) the classroomvideo data
suggested tha the large-groupdiscussionswere problematic in some way (e.g., themain
mathematica point did not surface clearly, the discussion occupied significantly more classtime
than was recommended in thecurriculum, etc.). Additiond details aboutthe characteristics of
these discussionsare provided in the subsquent sectionson daa andysis and findings We used
both the classroomvideo data and theinterview daa from these chosen classes.
Data Analysis Methods

For each class selected for andysis, we transcribed the corresponding interview andthe
portionsof large-groupdiscussionstha were mentionad during tha interview. Findngsfromthe
first study (described above suggested tha some of the chdlenges Prof. Gagefaced stemmed in
pat from hislack of familiarity with different ways students would approach or think about
problems in the curriculum, as well asfrom difficulties he had following the mathematical ideas
students contributed during the discussons We hypotesized tha these issues related to his PCK
and MKT would also beevident in the specific classroomdiscussions chosen for andysis. To
examinethis hypothesis, we first developed a set of generd, top-level codes for identifying
interview segments related to Prof. Gage@® PCK or MK T. With this set of codes, we took a
groundel theory approach (Strauss & Corbin, 1990) to theandysis of theinterview transcripts.
Each author indgoendently coded the same transcript, generating additiond codes and sub-codes
as seemed necessary. We compared thetwo codings and, throughcompdtitive argumentation
(VanLehn & Brown, 1982), developed arevised set of codes as well as criteriafor assigning

those codes. This coding scheme then became thebasis for andysis of other transcript data



We approached the analysis of the classroom video data in a similar manner, coding
transcripts for recurring themes (such as excessively long discussions on a single topic, or
insightful student contributions that appeared to go unnoticed) and we looked for evidence that
the sources of Prof. Gage’s difficulties were knowledge-related. Findly, we looked for paterns
tha emerged across both coding processes. In particular, we focused onthemesin theinterviews
tha were consstently assodated with specific chdlenges faced by Prof. Gageduwingthelarge-
groupdiscussons We took thefact tha Prof. Gage repeatedly mentionad particular issues as
evidence tha those issues were major influences on his decisionsand practices.

In the end, multiple sets of classroom and interview data corresponded to each of our
claims. In this paper, we illustrate our claims with examples that we believe best illustrate our
findings with the least amount of background information. That is, we selected classroom
episodes for which it would be relatively simple to describe the mathematical ideas at stake and
the discussion that preceded those episodes.

Episode Analysis

Leading large-group discussions in an inquiry-oriented classroom setting requires a
teacher to possess and enact a constellation of skills to guide students in a mathematically
productive direction. “Inquiry” is a central activity not only for the students, but also for the
instructor. Teachers inquire into students’ thinking to make sense of their ideas, to recognize the
potential mathematical utility of those ideas, and to highlight both correct and incorrect
mathematical understandings that may lead toward productive arguments or problem solutions.
These efforts to make sense of students’ ideas, often presented in nascent or imprecise forms
unlikely to meet more formal mathematical standards, require careful attention to students’

contributions as well as the ability to recognize good mathematical thinking even when hidden
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beneath informal or incorrect language, representations, or reasoning. Additionally, teachers
utilize their PCK to anticipate students’ ideas or conceptual difficulties, to address them as they
arise, and to refocus or redirect students’ thinking when useful mathematical ideas do not arise
spontaneously. All this must occur as teachers simultaneously orchestrate discussions, balance
the relevant objectives of the activities at hand, and work within the time constraints under which
individual activities and the entire course must progress.

In this episode, we analyze an exchange in Prof. Gage’s classroom that reveals how
certain elements of PCK and MKT are needed for an instructor to direct an otherwise “stalled”
class discussion productively. Two aspects of this classroom excerpt are examined here. First,
Prof. Gage found himself poorly prepared to move the class discussion forward when students
were unable to clarify for themselves a point of mathematical confusion that he had expected
them to handle easily. Second, even though Prof. Gage had listened to a student’s contribution
well enough to summarize it for the class, he was nevertheless unable to recognize the value of
the contribution for illuminating the very point that he had attempted to make just minutes
earlie—a point that Prof. Gage himself later identified as passing unacknowledged by the class.

The students had been asked to propose a DE capable of modeling simple population
growth under ideal circumstances. The activity was designed to lead them to recognize that
dP/dt = kP was a reasonable model, with P representing the population size at time t, and K being
a constant of proportionality. After discussing a variety of possible models, the class had
narrowed their choices to two: dP/dt=P and dP/dt=e'. Students commonly suggest the latter
model, in part because they have prior experience with exponential population models and also

because of the conceptual challenge in identifying the difference between the two models.
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Because P(t)=¢€' is a solution to both DEs, understanding how the two models differ and why
the first (but not the second) is a reasonable model for population growth can be difficult.

The following excerpt from the class transcript begins as Prof. Gage made a suggestion in
an effort to help students recognize the difference between the two models:

G: If you take €', then if you differentiate it, you get it back. Some-. So are they the same or
not? [14 secondssilence] How about, uh, you know, something so, like 2 times ¢'? [8
secondssilence] P(t) is 2 times €'?

S: I really don’t understand ... what they mean by “the same.”
G: OK. Can somebody may, uh, phrase what may be meant by ‘these are the same’? Robert?

R: I think what was said is, OK, let’s say you say P(t) is where P is equal to €'. Then if you
take the derivative you’ll get dP/dt is equal to €'. But I think that’s, I, while I can’t deny
the truth of that because you can just, by going back to the original equation, you can just
substitute between P and ¢', you can derive the equation that says P is equal to €. I
think that’s a specific circumstance, that, you know, where that happens to work.

By suggesting that the students consider P(7) =2¢', Prof. Gage hoped that they would notice that
P(t) =2¢' solved only the first of the two DEs, thereby helping them to begin to distinguish
between the two models. His suggestion, however, was met with lengthy silence. This lengthy
silence was unusual for Prof. Gage’s class, suggesting not only that students did not understand
the point of his suggestion, but also that Prof. Gage himself did not know how to respond to their
silence. Prof. Gage corroborated this interpretation in the post-class interview. The interviewer
suggested that it is useful to have mathematical “bait” at hand to spur discussion when it stalls:
G: Well, I mean, I asked, for example, well, how about 2 times e to the t? It satisfies one of
them, but not the other one. Showing that they’re not the same. Nobody reacted to it. You
know ... OK, it doesn’t make any sense to them. They didn’t know what to do with that.
Um, and I didn’t have a whole collection of, you know if that doesn’t work I’'m gonna try
this, and if that doesn’t work, then I-, because I don’t even know if I’'m going to get into

that situation. That’s why the planning is so hard. [...] To put out-, to, to, to be ready to
have all this “bait” in case I need it.

As noted above, the students’ difficulties in making sense of the subtle difference between the

two differential equations is common. In fact, the activities provided in the curriculum materials
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were designed precisely to encourage students to confront this mathematical nuance that is

typically presented as unproblematic in traditional texts. Prof. Gage, however, did not anticipate

the extent of students’ possible difficulties with this point, and when his suggestion to consider

P(1) = 2¢' failed to elicited the response for which he had hoped, he was at a loss:

G: I say, OK, yeah, this should work. ... But then it doesn’t. [...] I didn’t plan it out
carefully enough. Because I was convinced it wouldn’t be such a big deal. I thought this

was gonna, this would go pretty quickly, once we review the time independence and all
this kind of stuff, I was convinced it would go pretty quickly.

In this instance, Prof. Gage’s lack of certain elements of PCK hindered him in moving the class
forward. He was unable to anticipate students’ difficulties with the conceptual challenge
underlying this activity, despite its inclusion in the curriculum to raise just such a challenge. As a
result, he was unable to prepare himself to address these difficulties when they arose. His one
suggestion was met with silence from the class and his inability to understand the nature of the
conceptual problems the students faced left him stymied as to what to do next.

Prof. Gage noted that he “was convinced it would go pretty quickly,” suggesting that he
was not merely unengaged with the planning process but had in fact made efforts to anticipate
problematic points during his preparation for class. At other points in the interview, Prof. Gage
described the significant amount of time he spent thinking about other mathematical points that
he expected to arise. Those points, however, never came up. It is not surprising that he lacked
extensive knowledge of these potential difficulties for students, since in most DE curricula
simple population models are presented primarily for students to solve, not derive, and so the
challenge to create such a model never arises.

The remainder of the classroom exchange presented above highlights the role that MKT
can play as an instructor attempts to make sense of students’ thinking. The silence met by Prof.

Gage’s suggestion was finally broken when a student asked for clarification of the question at
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hand. Robert (R), then observed that even though one could “just substitute between P and e',”
he believed that to be “a special circumstance ... where that happens to work.”

Robert’s contribution was directly related to the point that Prof. Gage was trying to make
by asking students to consider P(t)=2¢'. This solution solves the first differential equation, but
not the second. At the same time, it also “happens to work” that P(t) =2€' solves both dP/dt= P
and dP/dt=2¢', thereby paralleling the situation under consideration. Because of this connection
to the very issue with which students were struggling, Robert’s suggestion could have been used
in a number of ways to direct the conversation in the productive direction that Prof. Gage had
hoped. One might, for example, inquire further into what precisely Robert meant by “that
happens to work,” or one might repeat the suggestion of P(t) =2€' and ask Robert (or the class)
how it related to the point he was trying to make. Prof. Gage, in fact, began such an inquiry:

Uh, sorry, where what happens to work?'
That P is eq-, P is the same as ¢'.

Can you come up with one where it doesn’t work?

Q@ » 7@ Q0

Yeah, can you come up with something where it wouldn’t?
R: Well, let’s say your, let’s say your P(t) was P+1z.
[tran<cript omitted]

G: OK, so Robert is saying that, you know, this kind of feels like some particular instance
where something is happening, but we can’t right now come up with something, ah, that
kind of supports, supports that. Melanie?

Prof. Gage initially inquired into Robert’s reasoning, but during the conversation that followed,
Robert made the unhelpful suggestion, “say your P(r) was P+t,” resulting in, as one student put

it, “a recursive definition for P.” After clarifying the trouble with Robert’s suggestion (transcript

! An instructor who recognized the potential usefulness of Robert’s suggestion would probably ask him to
clarify it in order to highlight his reasoning for the class and propel discussion forward. Prof. Gage’s
apologetic tone, however, suggests that he asked the question because he did not fully understand
Robert’s point.
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omitted here), Prof. Gage summarized what Robert had said and called on another student,
thereby putting closure on the discussion of Robert’s contribution and encouraging the
conversation to move in a new direction.

Prof. Gage’s choice to end the discussion of Robert’s contribution and to permit the
discussion to move off in a new direction suggests that he did not recognize the significance of
Robert’s idea as it emerged. Prof. Gage’s summary included only the most surface-level details
of the contribution (“this kind of feels like some particular instance where something is
happening”), suggesting that even though he was attending to Robert’s words, he failed to
recognize or understand the significance of Robert’s observation that the something that
“happened to work™ was closely related to the point Prof. Gage had attempted to make by
suggesting P(t) = 2€' just minutes earlier. The opportunity to reconsider P(f) =2¢' in light of
Robert’s observations was lost, and P(r) =2¢' was not mentioned again until more than 20
minutes later— after the debate between the two models had already been resolved.

What contributed to Prof. Gage’s inability to recognize the potential in Robert’s
observation? First, we eliminate some obvious possibilities. It is highly unlikely that Prof. Gage
was simply distracted or inattentive to Robert. He began to respond by asking Robert to clarify
his meaning; he reiterated a pointed question posed by another student; and he ended the
discussion with a summary of Robert’s words. His summary, however, was essentially empty of
any mathematical content, suggesting that he may not have followed or understood the ideas that
Robert offered. It is not the case, however, that Prof. Gage lacked the mathematical content
knowledge needed to understand Robert’s comment. Robert’s point was directly related to the
same point that Prof. Gage attempted to make just a few minutes earlier. It is also not the case

that Prof. Gage lacked the discussion management or pedagogical skills needed to elicit students’
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ideas. He asked several questions in an attempt to clarify Roberts’ point, and he engaged in
significant mathematical discussions with students at other times in the course.

Having eliminated these other potential knowledge-related sources, we contend that there
is evidence that Prof. Gage’s failure to recognize the potential in Robert’s contribution was
rooted in an absence of some MKT relevant to the mathematical discussion at hand. To follow
students’ mathematical reasoning in real time requires the ability to recognize mathematical
ideas in and/or infer those ideas from students’ vaguely expressed or partially formed ideas. The
mathematical work one does to recognize and infer the relevant mathematics in such
circumstances may require more than the more formal, precise, and standard mathematical
knowledge typical of mathematicians. Post-class interviews revealed that Prof. Gage found
following students’ reasoning quite difficult at times— a situation that was exacerbated by the
variety of instructional tasks for which he was responsible at any time:

G: I need to do too many things. I need to try to follow the train of thought carefully, and I
need to try to figure out when is it a good place to do something. I have to look for

certain clues that I am sensing are good ones to do something, and I — which is kind of a

detached observation kind of thing. And the other is to be part of the thought process, to
really follow it along, to try to direct it a little. There’s a conflict there. I can’t do both.

On the one hand, orchestrating discussions required Prof. Gage to make decisions about when
and how to direct the conversation, which he perceived as “kind of a detached observation kind
of thing.” On the other hand, following students’ thinking carefully demanded that he “be part of
the thought process.” In combination, these roles of being simultaneously “detached” and “a part
of the thought process” left him feeling conflicted, as well as overwhelmed by his “need to do

too many things.”

? In addition to the roles of knowledge examined here, it is also evident that Prof. Gage held certain
beliefs about mathematics, teaching, learning, etc., that influenced his instructional practices. Although
we do not present findings from our analysis of his beliefs in this paper, Prof. Gage had beliefs about his
role in large-group discussions that shaped decisions he made about when and how to direct the
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Perhaps most telling in regard to this particular classroom episode is Prof. Gage’s
struggle with having to do “too many things.” At the beginning of this section, we highlighted
the need for a teacher to possess and enact a constellation of skills to direct discussions fruitfully
in inquiry-oriented classrooms. At the time he taught this course, Prof. Gage had 17 years of
teaching experience, including experience teaching DEs. In a more traditional classroom setting,
Prof. Gage, by his own accounts, did not experience the kinds of difficulties that he identified in
this inquiry-oriented class. That is, the knowledge and skills that he had accumulated over the
years enabled him to teach comfortably in a more traditional lecture classroom but were
insufficient to support his instructional practice in this new classroom context. We contend that
the sense of being overwhelmed by having to do “too many things” was very real to Prof. Gage
precisely because he lacked—or was in the process of learning—certain knowledge and skills
associated with teaching in these new ways. In this particular case, we suggest that his inability
to recognize the potential usefulness of Robert’s contribution can be attributed to his lack of
some MKT that would have enabled him to follow Robert’s reasoning while simultaneously
attending to other, on-going needs (e.g., orchestrating the discussion in general). Ultimately,
despite the strength of his mathematical content knowledge and his clear attention to Robert’s
contribution, Prof. Gage was unable to detect the mathematical potential in Robert’s ideas.

What specific knowledge might have helped Prof. Gage under the circumstances? It is
difficult, if not impossible, to identify such knowledge by its absence. As we noted above, even
though Prof. Gage likely possessed all the formal mathematical knowledge of the material under
discussion, “unpacking” such knowledge into underlying conceptual challenges related to

students’ informal and intuitive ideas was needed. Making sense of Robert’s contribution

conversation. Those decisions were substantially influenced by the PCK and MKT he had available and
so we chose to focus this analysis only on knowledge-related issues. This should not be taken to suggest
that there are not other factors influencing the nature of the instruction Prof. Gage provided.
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required a series of inferences. Prof. Gage needed to infer meaning behind Robert’s imprecise
language: “that’s a specific circumstance ... where that happens to work.” (Prof. Gage attempted
to question Robert on just that point.) Then, even without necessarily being clear of what Robert
himself perceived, Prof. Gage would have needed to recognize that P(t) =2€" also “happens to

work,” because, in Robert’s words, “just, by going back to the original equation [ dP/dt = P], you

can just substitute between P and €' [2€'], you can derive the equation that says P is equal to e’
[ 2€'].” Finally, he would then have needed to judge how such a connection, once made with
Robert and the rest of the class, might be used further to assist students in understanding the
difference between the two differential equations at hand, as well as the reason that one rather
than the other better modeled the population situation in question. All of this required that Prof.
Gage be able to take a student’s unfamiliar and perhaps surprising way of perceiving the
mathematical situation, understand the student’s perspective, and simultaneously “translate” it
into a more mathematically normative and useful idea. In short, a significant amount of
“mathematical work” would be required of him on-the-spot and while feeling overwhelmed by
his classroom roles. We contend that Prof. Gage’s difficulties were therefore rooted in an
absence of just such MKT that would have allowed him to understand more quickly Robert’s
idea and its value for the discussion. Instead, Prof. Gage needed to engage in more complex
cognitive efforts to follow Robert’s reasoning—which, in this case, were unsuccessful in
revealing the important and pedagogically useful mathematical ideas beneath Robert’s words.
Conclusions and implications

Our analyses suggest that, despite many years of teaching and while possessing strong

content knowledge, mathematicians may still face challenges similar to those that some K-12

teachers face when enacting aspects of reform-oriented instruction. This lends credence to the
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claim that there are types of knowledge important for teaching that are tied to specific content
and ways of teaching that content, and that such knowledge is not derived exclusively from one’s
knowledge of the content.

Although the inquiry-oriented approach to instruction was new to Prof. Gage, the general
pedagogical skills and knowledge with which he began the course were sufficient to support the
development of practices for helping students participate in discussions and contribute ideas. In a
similar vein, although the mathematical ideas were organized differently than in other DE
courses he had taught, his mathematical content knowledge was certainly sufficient to enable
him to recognize and understand the content of the IO-DE curriculum. The difficulties arose
when he needed to rely on PCK and/or MKT to provide direction and structure to the
discussions. Although he likely possessed PCK that he had developed and used while teaching
other differential equations courses, that PCK was inadequate for anticipating what students
would think and do with the IO-DE materials and insufficient to help him out of the various
difficult situations in which he found himself when students did not offer productive ideas.

In the midst of large-group discussions, he was also sometimes unable to leverage his
considerable mathematical content knowledge to follow and interpret students’ ideas. The ideas
students generate are particular to the problems they attempt to solve, and since those problems
were new to him and of a different sort than those in his other DE courses, he had no prior
opportunities to observe the ideas students might come up with. As a result, following and
interpreting students’ ideas required considerable effort and attention. Such effort, however, was
not always possible for Prof. Gage as he simultaneously attended to his other instructional
responsbilities. If hehad the MK T necessary to recognize and quickly undestand studentsO

ideas, he might have foundthe overall chdlenge of orchestrating discussionsless daunting.
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We assume tha throughadditiond experience with these materials and theingructiond practices
tha accompany them, Prof. Gagewould likely develop PCK and MKT specific to theteaching
of this course. A continued research god, however, isto develop ways to suppot and perhgps
expedite this learning for teachers such as Prof. Gage and others who wish to develop and
expand thar teaching practices.
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